Extreme Problem 1 Solutions

| v| (length of tangent)

|b—a]

Radius of sphere =

a+b

Let position vector of centre of sphere be ¢, thenc =——

Denoting the loci of a random point on the sphere as v,

2
Equation of the sphere is therefore given by (v—c)O(v—c) = Pb;zaq
1 , 1
(v—c)e(v—c)=—|b-al’=—(b—a)e(b—a)
4 4
1
vov—2voc+coc:Z(b—a)O(b—a)
vov—2voc+(a;bj0(a;bJ=%(b—a)0(b—a) ———————— )

If tangents can be drawn from O to the sphere, then
ve(c—v)=0=vec=vey

Substituting this into (1),

vov—2vov+(a;bj0(a;bj:i(b—a)O(b—a)

vov=(a+bj0(a+bj—l(b—a)0(b—a)

2 2 4



vP=lla+b)e@rt)-(-a)eb-a)
=i[(aoa+2a0b+b0b)—(b0b—2a0b+aoa)]
:l{4a0b):a0b
4

A hdz(aObﬁ'(dmwn)

vec=|v||c|cosf

2
Since vec=vev, cosd = vee _ vev _ V]
[vilel [viiel [viic]
1 1
:m: 1(a.b)2 =2(a0bb)2 (shown)
| E|a_|_b| la+Db|

Based on the diagram,

r=lv|sin@=r> =|v| sin’@=|v[ (1-cos’6)

! 2@0bﬁ

Substituting | v |= (a o b)i and cosf = ath| into the above,
a—+

r* =(aeb) {1—M}

la+b|

:(a.b)_|a+b|2 —4a0b}

la+b|

~(ae)

(a+b)e(a+b)—4daeb
la+b ]

=(aeb)

[aea+2aeb+beb—4aeb
la+b|

~(ae)

[aea—2aeb+beb
|a+b|2



:(a.b){(a—b)o(a—b)}

la+b|

:(aob){la_blz}

la+b|

o la+b|P r* =(aeb)|a—b|* (shown)



